We study a novel class of higher derivative theories for interacting massless gravitons in Minkowski spacetime. These theories were first discussed by Wald decades ago, and are characterized by scattering amplitudes essentially different from general relativity and many of its modifications. We discuss various aspects of these higher derivative theories, including the Lagrangian construction, violation of asymptotic causality, scattering amplitudes, nonrenormalization, and possible implications on emergent gravitons from condensed matter systems.
Introduction
Massless gravitons take the central position in modern theoretical physics. The most well-known theory for interacting massless gravitons is Einstein's general relativity (GR), which enjoys many elegant properties, such as the equivalence principle 1 , minimal couplings, diffeomorphism invariance, asymptotic causality, simple scattering amplitudes, etc. It was first noted by Wald in the 1980s that not all the theories for interacting massless gravitons consistent with Lorentz invariance and quantum mechanics have to be GR-like [6, 7, 8] . There is indeed a second class of higher derivative theories 2 for interacting massless gravitons in Minkowski spacetime characterized by novel scattering amplitudes essentially different from GR and many of its modifications. Additionally, these theories could be defined exactly in Minkowski spacetime without needing to introduce the notion of curved spacetime. Therefore, compared with GR, they look much more like the traditional field theories like Maxwell's theory on electromagnetism and Yang-Mills theory.
In this note, we would like to study properties of these higher derivative theories of interacting massless gravitons. Previous studies on this topic could be found in Ref. [6, 7, 8, 9, 10, 11, 12, 13, 14] . Recently, Ref. [15, 16] give comprehensive treatments on the matter couplings in these higher derivative theories. Compared with previous studies, our work concentrates on the Lagrangian construction, violation of asymptotic causality, scattering amplitudes, non-renormalization properties. Besides purely academic interests, we would like to suggest that these higher derivative theories might be helpful for studying emergent gravitons in condensed matter systems. This point will be expanded in Section 6.
The rest part of this note is organized as follows: In Section 2 we study the Lagrangian construction of these higher derivative theories of massless gravitons in Minkowski spacetime. Under reasonable conditions, we show that only two Lagrangian constructions are allowed for the three-point vertices. We show further how these two structures could be generalized to n-point vertices. In Section 3, we show that the S theory are incompatible with asymptotic causality. Although we borrow our techniques from Ref. [17] , the situations we encounter here are different from the R 2 and R 3 modifications to GR studied by the aforementioned reference. The violation of asymptotic causality found here turns out to be more severe. In 1 Recent studies on bending of light in quantum gravity suggest that certain version of the equivalence principle could be violated at the quantum level [1, 2, 3, 4, 5] .
2 In literature, higher derivative theories also refer to higher derivative modifications to GR, which is unfortunate for our studies here. To avoid unnecessary confusions, in this note, higher derivative modifications to GR shall be referred to explicitly by names like R 2 , R 3 modifications to GR instead.
Section 4, we study scattering amplitudes of these higher derivative theories. Our calculations are done in D = 4 only in order to make use of the spinor-helicity formalism. We calculate explicitly the four-point scattering amplitudes of the S
6 theory, as well as their large z behaviors under BrittoCachazo-Feng-Witten (BCFW) shift [32, 33] . We identify a specific helicity configuration which receives all its contributions from the boundary of the complex z-space. Although the calculations are done for the S (3) 6 theory, the results could be helpful for studies of R 3 modifications of GR as well. In Section 5, we study the non-renormalization property of these higher derivative theories. It is shown explicitly that the S 6 vertices are immune to quantum corrections. In Section 6, we remark on the possible implications of these higher derivative theories on emergent gravitons from condensed matter systems. We end this note with further directions in Section 7. In Appendix A, we provide a proof on the linearized diffeomorphism invariance of the so-called pseudo-linear terms.
Lagrangians
In this section, we would like to construct Lagrangians for the novel higher derivative theories of interacting massless gravitons. Explicitly, we are looking for Lagrangians respecting the linearized diffeomorphism invariance, which is a gauge symmetry. Although widely regarded as theoretical redundancy, gauge invariance could still be helpful in the Lagrangian approach to quantum field theories. This point has been verified by the historical developments of gauge theories, and here we shall continue to utilize this traditional wisdom.
The kinematic terms for massless gravitons in dimensions D ≥ 4 are given by
which is well-known to be invariant under linearized diffeomorphism. ( √ −gR) (2) in the first line is used only as a shorthand, and this does not mean that our discussions have anything indispensable to do with the curved spacetime. Since S (2) describes free gravitons only, extra vertices are needed in order to have interacting theories. In this note, we shall mainly concentrate on three-point vertices. It is pointed out by Ref. [17] that in dimensions D ≥ 4, there are only three types of parity-preserving on-shell three-point amplitudes of massless gravitons:
Here, we have used the replacing rule ǫ µν → ǫ µ ǫ ν for massless gravitons. The subscripts "2", "4", "6" denote the numbers of momenta in these three amplitudes. Noticeably, A
corresponds to the three-point amplitude in GR. The most general three-point amplitude is given by a linear combination of the above three amplitudes
Usually, α 2 is taken to be non-vanishing, which makes the resulting theories be inevitably GR-like. It is interesting to ask whether this is really inevitable. The answer turns out to be NO, and is directly related to higher derivative theories under construction.
Some helpful results could be summarized in the following:
• There is no dimensional independent three-point vertex giving rise to the on-shell three-point amplitude A
2 , while preserving linearized diffeomorphism. In other words, the appearance of A (3) 2 is the smoking gun for the gravitational theory to be GR-like.
• There is only one dimensional independent three-point vertices giving rise to the on-shell three-point amplitude A
4 , S
which is exactly the cubic order expansion in h µν of the Gauss-Bonnet
. This is also a special case of the so-called pseudo-linear terms [14] . A formal demonstration of why such structures respect linearized diffeomorphism is given in Appendix A.
• After choosing the proper basis, the only dimensional independent three-point vertices giving rise to the on-shell three-point amplitude A
6 is given by
where R
(1)
∂ σ ∂ ν h µρ is the linearized Riemann tensor, and indices are raised up by η µν rather than g µν .
The above results are obtained in a brute-force way with Mathematica. Take the first result as an example. There, we start with linear combinations of all possible scalar contractions with three h µν s and two derivatives ∂ µ s, multiplying by various free coefficients. The resulting expression is required to be invariant under linearized diffeomorphism up to total derivatives, which imposes several conditions upon the free coefficients. For three h µν s and two ∂ µ s, no consistent choice for these free coefficients could be found, which leads to the first result mentioned above. The second and third result could be obtained similarly by repeating the analysis for three h µν s and four ∂ µ s and three h µν s and six ∂ µ s, respectively. Although these three properties have been mentioned in some way in, e.g., Ref. [18] , our derivation here is based on brute-force symbolic computations and can be viewed as a cross-check. Three technical remarks are given as follows: 1. When constructing and simplifying various tensorial expressions, we haven't taken into considerations any dimensional dependent quantities such as those associated with Levi-Civita symbol ε µ 1 ···µ D . This is exactly what we would like to convey by "dimensional independent" in stating the above results.
2. The above results are characterized by both "existence" and "uniqueness" of linearized diffeomorphism invariant three-point vertices. In the second and third result, some curved-spacetime notations are used to save space. Although the existence of proper three-point vertices could indeed be understood from the curved-spacetime viewpoints, such an understanding is not indispensable as shown by our brute-force treatments. It is, on the contrary, somehow surprising that this is possible to have the curved-spacetime interpretation. Moreover, it is not clear to us yet how the uniqueness could be derived from the curved-spacetime viewpoints.
3. For three h µν s and four ∂ µ s, the only linearized diffeomorphism invariant three-point vertices are given by Eq. (2), which give rise to A (3) 4 exactly. On the other hand, for three h µν s and six ∂ µ s, we have various choices for the three-point vertices. In fact, as R (1) µνρσ and all its contractions turn out to be exactly linearized diffeomorphism invariant, so are all of their cubic scalar contractions. However, not all these three-point vertices give rise to A are scalar cubic contractions solely made of R (1) µνρσ s, among which only two are linearly independent. A convenient basis could be
νασβ . It is straightforward to show that the onshell three-point amplitude given by G 3 actually vanishes, which agrees with Ref. [19] . Thus, it is in this basis that only I 1 gives rise to A (3) 6 , as shown in the third result.
The brute-force treatments could be "easily" generalized to n-point vertices, at the expense of inflating computation durations. Examples of n-point vertices involve the n-point expansion of (n − 1)-th Lovelock terms 3 (see Appendix A), and scalar contractions of n copies of R
. It is not clear yet whether there are extra contributions to n-point vertices, and it is interesting to work out some proofs for uniqueness [20] . In fact, if additionally we require non-existence of Ostrogradski ghosts, a proof could be done similar to the famous proof by Lovelock for the Lovelock gravity [21, 22] .
Up to now, we consider only self-interactions of massless gravity in higher derivative theories. One way to couple massless gravitons to matter is to construct scalar contractions with R (1) µνρσ s, various matter fields, and spacetime derivatives ∂ µ s. For example, the coupling of massless gravitons to photons could be introduced by R
More comprehensive discussions on the matter couplings could be found in Ref. [15, 16] . See, also, Ref. [23] for a relevant discussion on scalar and vector fields coupled to the energy-momentum tensor.
Asymptotic Causality
Loosely speaking, principle of asymptotic causality states that interactions always slow you down. Applications of this principle range from the fact that light travels faster in vacuum than in glass to the celebrating Shapiro time delay [24] . See also Ref. [25] for a rigorous treatment of asymptotic causality in GR. Recently, asymptotic causality has been used to study R 2 and R 3 modifications to GR [17] . In this section we would like to use the same techniques to study the S 4 . Asymptotic causality of a target theory could be captured by
where A 4 ( q) is a shorthand for the tree-level four-point amplitude evaluated in momentum and polarization-vector configurations given by:
with s ≈ 4p u p v and t ≈ −( q) 2 . The external momenta are chosen in such a way that s is much larger than t, but small enough such that the target theory is still weakly coupled. The polarization tensors for massless gravitons can be obtained by products of polarization vectors ǫ µν = ǫ µ ǫ ν . Principle of asymptotic causality then requires that δ( b, s) ≥ 0 for all possible b and e i choices. theory as well. 5 In this section, following Ref. [17] we adopt the light-cone coordinate
(dx i ) 2 . q denotes transverse momentum, e i denotes transverse polarizations, and b denotes transverse displacement.
Using on-shell methods [17] , δ( b, s) could be calculated as follows:
where A 
S
6 :
respectively. In the rest parts of this section, we would like to show that the S
4 and S (4) 6 theory violate asymptotic causality, in much the same way that the R 2 and R 3 modification to GR would violate asymptotic causality as shown in Ref. [17] . To see asymptotic causality violation for the S (3) 4 theory, we could take the following choice of b and e i : e 3 = e 1 , e 4 = e 2 , e 1xy = e 1yx = 1, e 2yz = e 2zy = 1, b = (b, 0, · · · , 0).
(8) Take (6) and (8) back to Eq. (5), we have
which contradicts the requirement of asymptotic causality δ( b, s) ≥ 0. Similarly, for the S
6 theory we could take the following choice of b and e i : e 3 = e 1 , e 4 = e 2 , e 1xx = −e 1yy = 1, e 2xy = e 2yx = 1, b = (b, 0, · · · , 0).
Take (7) and (9) 6 turn out to be inconsistent with principle of asymptotic causality. It is interesting to note that the causality violation encountered here is even more severe than that in the R 2 and R 3 modifications to GR. In the later case, the GR's three-point vertex respects asymptotic causality by itself, and the causality violations from R 2 and R 3 terms become a problem only when they are comparable to the GR's term. This could be achieved only when the transverse distance b is small enough. However, in our case the screening of GR no longer exist, and the causality violation comes into being even when b is large. Asymptotic causality singles out GR and many of its modifications as the only legitimate theories for pure gravity theories with non-vanishing on-shell three-point amplitudes. This result could be viewed as a valuable complement to various "proofs" of the uniqueness of GR [26, 27, 28, 29] . 2. One naive approach to avoid constraints from asymptotic causality could be requiring S vertices to be vanishing. Even in this case, massless gravitons could interact with each other through either higher-point vertices, or three-point vertices that do not contribute to A 6 , say, R (1) 3 , which makes only off-shell contributions to higher-point amplitudes. 3. A sophisticated solution could be adding an infinite number of massive higher spin (> 2) particles, as argued by Ref. [17] . In this case, the S 6 theory could be used to describe the massless sector of the full theory.
4. A radical possibility could be that these higher derivative theories might provide an effective description for emergent gravitons from condensed matter systems. If this is the case, the violation of asymptotic causality could simply be a reflection of the lack of the notion of relativistic causality in underlying non-relativistic condensed matter systems.
Scattering Amplitudes
Scattering amplitudes encode lots of informations of interactions of massless particles, sometimes even putting constraints on the corresponding UV completions [30] . In this section, we shall study scattering amplitudes in higher derivative theories, which are largely ignored by previous studies. We shall consider scattering amplitudes in D = 4 only, as the results could be largely simplified by using spinor-helicity formalism.
For the S
4 theory, the three-point amplitude A
4 could be written as
SS .
Here, A
YM and A
SS are on-shell three-point amplitudes of Yang-Mills and Scherk-Schwarz theory respectively. By Scherk-Schwarz theory, we refer to the Lagrangian given by
with F µν ≡ F a µν T a as the field strength, and
For simplicity, the coupling constant is set to be 1. Physically, Scherk-Schwarz theory describes a collection of massless photons (rather than gluons). As far as we know, this three-point vertex Tr(F ν µ F ρ ν F µ ρ ) first appeared in discussions of bosonic-string modifications of Yang-Mills theory made by Scherk and Schwarz [31] . Eq. (10) is named after them to commemorate this achievement. Then, it is straightforward to show that A SS is nonvanishing only for (−, −, −) and (+, +, +). Higher-point amplitudes could be calculated by Feynman diagrams, and it turns out that they vanish for all possible helicity configurations. This, in fact, reproduces the well-known fact that [
is a total derivative in D = 4 and cannot give rise to non-vanishing matrix elements.
On the other hand, S which is non-vanishing for (−, −, −) and (+, +, +) only. Explicitly, we have .
The large z behavior of four-point amplitudes under BCFW shift [32, 33] 
is then given by
for all BCFW pairs.
Several remarks are given below: 1. The BCFW deformations of all non-vanishing four-point amplitudes A (4) 6 do not vanish in the large z limit. As a result, the S (3) 6 theory is not BCFW constructible [34] , and four-point amplitudes A (4) 6 cannot be constructed by gluing solely various copies of on-shell three-point functions A (3) 6 . This is different from GR, which is, on the other hand, BCFW constructible [35, 36] . Generally, for BCFW inconstructible theories the on-shell recursion relations can be systematically written as
where k is some subset of the n momenta. Aside from the standard on-shell recursive contributions from gluing various copies of lower-point amplitudes, we have to take into considerations the extra boundary contribution C 0 to obtain correct results. 2. It is, at the first sight, quite surprising that A
theory, as the naive analysis of the helicity structure of the threepoint amplitudes A 
− ) receives only the boundary contribution C 0 , which is different from BCFW constructible theories like Yang-Mills theory and GR, where non-vanishing amplitudes receive contributions merely from on-shell recursions. Similarly, it is straightforward to show that, in Scherk-Schwarz theory the color-ordered 4-point amplitude A (4)
is also nonzero. It is interesting to study further the properties of scattering amplitudes that receive contributions merely from the boundary.
Non-Renormalization
In this section, we shall discuss the non-renormalization properties of higher derivative theories under investigation. Explicitly, we would like to show that quantum mechanical loops cannot correct the S 6 vertices. This could be proved by using power counting, similar to proofs of nonrenormalization theorems for Galileons, GR, P (X) theories and conformal dilatons [37] .
For the S 
4 vertices by V
4 , we find that the n-point amplitude A (n) 4 scales as ∼ k DL−2I+4V (3) 4 . This result can be simplified further using simple graph-theoretical identities,
4 ,
and we have A
In the above derivations, we have implicitly used dimensional regularization or some other mass-independent regularization schemes in loop calculations. This is quite important for the validity of our non-renormalization theorems. Also, the power counting results should be thought of as potentially containing logarithmic factors ∼ log(k 2 /µ 2 ), with µ being the regularization scale. As a result, it is straightforward to show that the S Similarly, for the S
6 theory in D ≥ 4, we have
which means that loop corrections with L ≥ 1 renormalize multi-point vertices with derivatives ≥ D + 12. As a result, the S vertices cannot be renormalized by loop corrections.
Besides the S theory, it could be shown further that higher derivative theories with both S 6 vertices also shares non-renormalization of the same type. For theories coupling to matter fields, we have found that in many cases there also exist similar non-renormalization theorems, thanks to the higher-derivative nature of various interacting vertices.
Emergent Gravitons
In this section, we would like to make a short discussion about the implications of higher derivative theories studied above on emergent gravitons from non-relativistic condensed matter systems.
It has been known for some time that there could be emergent massless graviton excitations in the low-energy spectrum of various condensed matter systems, such as the 4D quantum hall system [38] (see Ref. [39, 40, 41] for experimental proposals), qubit models [42] and quantum nematic crystals [43] . A natural question one would like to ask at the next step could be what effective field theory describes interactions of these emergent gravitons. The conventional guess is GR. However, we would like to stress that this is by no means a well-established physical fact, but theoretical prejudice based on so-called "proofs" of the uniqueness of GR as the only consistent theories for interacting massless gravitons. Based on the above studies of higher derivative theories of massless gravitons, we would like to propose these higher derivative theories instead as a possible answer. Similar to GR and many of its modifications, these higher derivative theories also respect Lorentz invariance and quantum mechanics. The violation of asymptotic causality resulted from the non-vanishing three-point vertices might not be a real problem for the case of emergent gravitons, as it could be traced back to the fact that the underlying condensed matter system does not respect relativistic causality from the very beginning.
Summary
In this note, we have studied various properties of a novel class of higher derivative theories for interacting massless gravitons in Minkowski spacetime. Explicitly, we have studied their Lagrangian construction, violation of asymptotic causality, scattering amplitudes, non-renormalization properties, and implications on emergent gravitons in condensed matter systems. Besides open questions scattered in above discussions, we would like to end this note with the following remarks:
First, it would be interesting to study possible supersymmetrizations of these higher derivative theories. It is known in literature [17] that the threepoint amplitude A (3) 6 is incompatible with supersymmetry. As a result, the S Second, it would be interesting to understand in more details of scattering amplitudes in the S (3) 6 theory. It is not clear to us yet whether there are closed general formula for at least some specific n-point amplitudes, or whether there is a recursive formulation to build higher-point amplitudes from lowerpoint amplitudes, which could be used for practical calculations. Moreover, it is shown in Ref. [44] that the R 3 modification to GR could be constructed by double copies of the F 3 modification of Yang-Mills theory (See Ref. [45] for a recent discussion on this issue from the viewpoint of Cachazo-He-Yuan formalism [46, 47] ). Although closely related, the technical problem we attack is a bit different, and it is not clear whether our higher derivative theories share similar properties.
We shall come back to these issues in future publications.
X and h are of the same order.
where £ X denotes Lie derivative with respect to X. The first few orders of the expansion looks likẽ
Full diffeomorphism invariance demands that S[φ * g] = S[g], which gives perturbatively,
Suppose the first non-vanishing positive order of the expansion is k, then we have
f [h (1) ,h (1) , . . . ,h (2) ]. (A.5b) Note thath (1) is the linearized diffeomorphism transformation that we are interested in. So the leading order of the action is automatically linearized diffeomorphism invariant, and so is the higher-order contribution apart from the addition of a term determined by the lower order in the expansion.
Let's carry out the above analysis for the Lovelock terms (wrapped in the spacetime integrals)
In Minkowski spacetime (f = η), we have R µν ρσ to be O(h), so the leading order of S n is n, with the non-vanishing contribution given by
which accidentally is an integral of the total derivative. To put more precisely, any expression of the form S (n)
n|η [h 1 , h 2 , . . . , h n ] is an integral of a total derivative. This makes the last term of (A.5b) vanish, rendering the next-toleading-order expansion S (n+1) n|η [h] to be linearized diffeomorphism invariant.
